We use C * -algebras to study complex algebraic curves. Our approach is based on the representation of an algebraic curve of genus g ≥ 1 by the interval exchange transformation due to Hubbard and Masur. We study the C * -algebra O λ connected to such transformation. The main result establishes a bijection between isomorphism classes of "generic" complex algebraic curves and the Morita equivalence classes of pairs (O λ , f ), where f a positive functional on O λ . The first steps to classification of algebraic curves in terms of C * -algebras are suggested.
Introduction
This note is a follow-up of [8] , with the specific goal to pass from the complex curves of genus g = 1 to the complex curves of genus g ≥ 1.
Let λ = (λ 1 , . . . , λ n ) be a partition of the unit interval into a disjoint union of open subintervals. Let ϕ : [0, 1] → [0, 1] be an interval exchange transformation (see Section 1 for the definition). Consider a unital C * -algebra O λ generated by the unitary operator u(ζ) = ζ •ϕ −1 and characteristic operators χ λ 1 , . . . , χ λn acting on the Hilbert space L 2 ([0, 1]). This (noncommutative) C * -algebra plays an outstanding rôle in dynamics, cf. Putnam [10] and [11] .
O λ represents the 'leaf space' of a measured foliation on the Riemann surface, S, of genus g. Such foliations are given by the lines Re ω of the holomorphic 1-forms ω over S. Measured foliations have been broadly studied by Hubbard & Masur [3] , Katok [4] , Keane [5] , Masur [6] , Novikov [9] , Thurston [12] and Veech [13] , [14] . The interval exchange transformation ϕ is nothing but the holonomy mapping on a closed transversal to the measured foliation.
Our starting point is the following elementary observation. Fix a Riemann surface S and think of S as a point in the Teichmüller space T (g). Consider a holomorphic 2-form ω on S with simple zeroes. Let F 1 be a horizontal (i.e. Im ω = 0) and F 2 vertical (Re ω = 0) measured foliations of ω. Let S ′ be a variation of S ∈ T (g). By the Hubbard-Masur theorem [3] there exists a unique holomorphic 2-form ω ′ on S ′ whose horizontal foliation F ′ 1 coincides with F 1 and vertical foliation F ′ 2 varies. Thus, foliation F ′ 2 gives a parametrization of the space T (g) with a "fixed point" S.
More explicitly, denote by ω ′ a 1-form on the surface S which is a double cover of S with the ramification in Sing ω ′ . In other words, the 1form ω ′ covers the 2-form ω ′ . The homology H 1 ( S − Sing ω ′ ; Z) has a basis (γ 1 , . . . , γ 6g−6 ), and the real parts λ i of the integrals γ i ω ′ are well-defined coordinates in T (g) [6] . Notice that the horizontal foliation fixed makes the imaginary part of the integrals fixed, but the real parts vary because they reflect the change of the vertical foliation.
It is easy to see that vector λ = (λ 1 , . . . , λ 6g−6 ) can be interpreted as lengths of intervals in the holonomy mapping of foliation Re ω ′ = 0. The "generic" lengths are linearly independent over Q and the corresponding measured foliation is uniquely ergodic. This fact allows to calculate "positive cone" of the group K 0 (O λ ) as a pull-back of a dense injection Zλ 1 +. . .+Zλ 6g−6 into the real line, see Effros [2] . Our main result is the following The above theorem bridges the noncommutative and algebraic geometries. In particular, it allows to use the K-theory of C * -algebras in the study of complex algebraic curves. One of the author's dreams was a happy marriage of the algebraic and noncommutative ideas mimicked by the rows of Table 1 Table 1 are under construction. In particular, it would be interesting from the point of view of topological dynamics, C * -algebra theory and algebraic geometry to better understand the arithmetic of numbers θ λ (see Section 4 for the definition).
Remark 1 As we already mentioned, the parametrization of the Teichmüller space T S (g) of Theorem 1 will depend on the choice of "initial" complex structure S on the topological surface X. The situation is parallel with the Teichmüller parametrization of T (g) by the holomorphic 2-forms: an "initial" 2-form ω is always required to be fixed, cf. Bers [1] . Note that in our parametrization, the point S has coordinates λ = (0, 0, . . . , 0). Of course, different choice of the "center" leads to different parametrization of T (g), but conformally equivalent centers will give essentially the same parametrization. Moreover, for any given S ′ ∈ T (g) and any vector λ = (λ 1 , . . . , λ 6g−6 ) there exists a center S such that S ′ realizes λ in T S (g) (this fact follows easily from the Hubbard-Masur theorem cited above).
This note is organized as follows. In Section 1 we introduce useful notation. The main theorem is proved in Section 2. Section 3 discusses an analogue of the Riemann-Roch formula for the C * -algebra O λ . Section 4 contains open problems.
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Preliminaries
Let n ≥ 2 be a positive integer and λ = (λ 1 , . . . , λ n ) a vector with positive components λ i such that λ 1 + . . . + λ n = 1. One sets
Let π be a permutation on the index set N = {1, . . . , n} and ε = {ε 1 , . . . , ε n ) a vector with coordinates ε i = ±1, i ∈ N. An interval exchange transformation is a mapping ϕ(λ, π, ε) : [0, 1] → [0, 1] which acts by piecewise isometries
where β π is a vector corresponding to λ π = (λ π −1 (1) , . . . , λ π −1 (n) ). If ε i = 1 for all i ∈ N then the interval exchange transformation is called oriented. We shall always assume this case. An interval exchange transformation is called irrational if λ i are linearly independent over Q except the relation
Keane and Veech showed that the number of independent invariant measures cannot exceed n + 2 for the interval exchange transformation with flips and [ n 2 ] for the oriented interval exchange transformations.
Let O λ be a C * -algebra defined in the Introduction. The equivalence classes of the orthogonal projections in O λ are naturally additive and form an abelian semi-group under this operation. The Grothendieck completion of this semi-group is abelian group called a K 0 -group of O λ . The abelian semi-group defines an order among the elements of K 0 -group, the positive elements ("positive cone") consisting of the elements of the semi-group. The ordered K 0 -group is called a dimension group of the C * -algebra O λ , see Effros [2] .
Proof of Theorem 1
First, let us outline the main idea. Denote by T (g) the Teichmüller space of curve C of genus g. Following Masur [6] , p.178, we consider a coordinate system (λ 1 , . . . , λ 6g−6 ) on a "generic" (open and dense) subset of T (g) consisting of rationally independent positive reals λ i . Such λ i generate a dimension group on the lattice K 0 (O λ ) coming from the dense subgroup Zλ 1 + . . . + Zλ 6g−6 of the real line. The action of mapping class group Γ(g) on T (g) extends to such on the dimension groups. We show that this action corresponds to order-isomorphisms at the level of dimension groups and Morita equivalences at the level of C * -algebras O λ . The theorem follows. We pass now to a step-by-step construction.
To calculate the lengths λ i of the intervals, we would need the following model of T (g) due to Masur [6] . Let S ∈ T (g) be Riemann surface of genus g and ω a holomorphic 2-form on S. We assume that ω is "generic", in particular, that it has only simple zeroes and therefore m = |Sing ω| = 4g − 4.
We wish to "cover" horizontal (vertical) trajectories of ω by horizontal (vertical) trajectories of 1-form ω on surface S. For that we take a double cover S ramified over the set Sing ω. Note that Hurwitz's formula g = 2g + m 2 − 1 implies g = 4g − 3. Denote the covering involution on S by τ . The 1-form ω is skew symmetric, i.e. τ * ( ω) = − ω. It is clear that Sing ω consists of saddle points with six saddle sections and |Sing ω| = 4g − 4. The rank of first homology group of S relatively Sing ω is given by formula: rk H 1 ( S, Sing ω; Z) = 2 g + |Sing ω| − 1 = 12g − 11. It will be proved later on that only half, i.e. 6g − 6, of cycles are independent.
Let γ 1 , . . . , γ 6g−6 be a basis in H 1 ( S, Sing ω; Z) consisting of such cycles and let λ i = Re γ i ω. Proof. This fact has been proved by Masur [6] , Lemma 4.2. Let us give an idea of the construction of such parametrization. By spitting S (and S) into "pants" (3-holed spheres), one first recovers ω on S from (λ 1 , . . . , λ 6g−6 ) and then the holomorphic 2-form ω on S. The rest of the proof is a piece of the Teichmüller theory. Namely, ω defines a quasi-conformal map f : S → S ′ between two Riemann surfaces S, S ′ ∈ T (g). The mapping is unique in its homotopy class. Therefore, regarding S ′ as a point of T (g), one can "travel" through T (g) by varying the 2-form ω on S. The map is onto, as it easily follows from the dimension argument.
The homomorphism:
given by formula (Zγ 1 , . . . , Zγ 6g−6 ) → Zλ 1 + . . . + Zλ 6g−6 will be called a Masur homomorphism. Proof. Let ω be holomorphic 1-form on covering surface S. As we noted earlier, Sing ω consists of 4g − 4 saddle points of index −2 (i.e. 6-saddles). It is not hard to see that every interval in the I.E.T. induced by the trajectories of 1-form ω, comes from a pair of distinct saddle sections of the set of saddle points. Indeed, the outgoing separatrices of the saddle give rise to the ends of intervals of the I.E.T., so that it takes two outgoing separatrices to define an interval.
Easy calculation gives us a total of 24g − 24 saddle sections present on S. Therefore, the I.E.T. must have 12g − 12 intervals in the exchange. Since ω is involutive, so must be the intervals in the I.E.T. Thus, only 6g −6 intervals are independent.
Finally, let us calculate lengths of the intervals. Since ω is holomorphic, it preserves the measure Re l ω of any transverse segment l to the flow ω. For simplicity, suppose that l has ends at the set Sing ω.
It is an easy exercise to verify that generators γ 1 , . . . , γ 6g−6 of the abelian group H 1 ( S, Sing ω; Z) can be identified with l i 's. (In fact, in this form they were originally introduced in [6] .) Lemma 2 follows.
We shall use Masur's model of T (g) to establish the following lemma.
Lemma 3 Let S, S ′ ∈ T (g) be a pair of conformally equivalent Riemann surfaces parametrized by the dimension groups G S and G S ′ . Then the dimension groups G S , G S ′ are order-isomorphic.
Proof. It is known that every element of the mapping class group Γ(g) has a conformal representative. Let f ∈ Γ(g) be such that f (S) = S ′ .
It follows from Masur's model, that the lengths of intervals in the I.E.T. are given by formula:
In order to calculate the lengths of intervals λ j , let us notice that f acts on the first homology of S:
by integral invertible matrices GL 6g−6 (Z) and we denote by f * (γ 1 ), . . . , f * (γ 6g−6 ) the result of such an action on γ 1 , . . . , γ 6g−6 . Thus,
Using elementary properties of integrals, we get
Since G S is defined as a pull-back of the dense subgroup
we obtain from formula (7) the following inclusion:
In fact, since the matrix (a ij ) is invertible, the above inclusion is an isomorphism of two dense subgroups of the real line (it can be seen by fixing a basis of the subgroups):
Therefore, G S and G S ′ are order-isomorphic as dimension groups, see [2] Corollary 4.7. Lemma 3 follows.
Let S ∈ T (g) be "generic" Riemann surface with associated dimension group G. Then any conformally equivalent surface S ′ ∈ T (g) has dimension group G ′ , which is order-isomorphic to G, see Lemma 3. On the other hand, To finish the proof, recall that a state on G is a positive homomorphism f * : G → R such that f * (u) = 1 for the order-unit u ∈ G. Since the interval exchange transformation is "generic" it has a unique invariant ergodic measure. Thus G has a unique state.
Consider Since the Teichmüller flow commutes with the mapping class group [6] , Theorem 1 follows.
Riemann-Roch formula for O λ
Let us fix the following notation:
|λ| total number n ≥ 2 of intervals (λ 1 , . . . , λ n ) in the interval exchange transformation ϕ(λ, π, ε); |π| total number of cyclic permutations in the decomposition of π; g genus of Riemann surface M endowed with 1-form ω whose mapping of the first return given by Re ω coincides with the interval exchange transformation (λ, π).
Lemma 4 (Riemann-Roch-Veech) Let O λ be the crossed product C *algebra defined upon an interval exchange transformation ϕ(λ, π) : [0, 1] → [0, 1]. Then the following equality is true:
Proof. The original idea of the proof belongs to Riemann and Roch and consists of studying certain systems of linear equations describing spaces of meromorphic functions on the Riemann surface with prescribed singularity data. For technical reasons, we shall follow more direct method elaborated by W. Veech [14] in the context of interval exchange transformations. Let π be an irreducible permutation corresponding to the interval exchange mapping of irrational intervals λ = (λ 1 , . . . , λ n ). Consider a new function acting on the set N:
if i = π −1 (n); π −1 (π(i) + 1) − 1, otherwise.
Let (M, ω) be a pair consisting of the Riemann surface M and holomorphic 1-form ω such that Re ω defines a foliation on M whose mapping of the first return is an interval exchange transformation (λ, π). To recover (M, ω) from the given interval exchange (λ, π) one needs to 'solve' the following system of linear equations and inequalities (we keep Veech's notation from [14] ):
where h 0 = a 0 = 0 and h n+1 = 0. Vectors h ∈ R n are regarded as 'parameters' of linear system (12) , while a ∈ R n belong to 'solutions'. It can be verified directly that every elementary cycle in the permutation π contributes one extra dimension to the linear space of solutions of (12) . If |π| is the total number of cycles in π, the dimension of 'solution space' is equal to |π| − 1. The linear span, A and H, of vectors a and h form a pair of orthogonal subspaces of R n such that
On the other hand, every parameter vector h defines an invariant ergodic measure of the interval exchange transformation (λ, π), cf. Veech [14] . It is known that dimension of H is equal to the maximal number of independent invariant measures of transformation (λ, π), i.e. 2g. Lemma 4 follows.
Remark 2 It can be seen that |π| = |Sing ω|, where Sing ω is the set of zeroes of the 1-form ω on M.
Conclusions
One of the amazing invariants of the C * -algebra O λ is the so-called rotation number θ λ . The rotation number is equal to the "average slope" of the leaves of a measured foliation obtained as the suspension over (λ, π). These numbers play the same role as the classical rotation numbers of the Kronecker foliation on the two-dimensional torus. Technically, θ λ is defined to be a real number represented by an infinite continued fraction with the integer entries, see [7] for the details. The two C * -algebras O λ and O ′ λ are Morita equivalent if and only if their rotation numbers θ λ and θ ′ λ are modular equivalent, i.e. θ ′ λ = aθ λ +b cθ λ +d , a, b, c, d ∈ Z, ad − bc = ±1. Because of this fact we have the following Corollary 1 Up to a modular equivalence, θ λ is an isomorphism invariant of the algebraic curve C called a projective curvature of C [8] .
In particular, for the curves over Q or Q, the projective curvature is a real root of a monic quadratic polynomial over Z (a quadratic irrationality). In general, the following task seems to be rather challenging (see also Table 1 ).
Problem 1
To classify algebraic curves in terms of their projective curvature. In particular, what are the values of projective curvature on the smooth algebraic curves?
